By studying the thermal-induced phase shift mechanism of an interferometric fiber-optic gyroscope (IFOG) sensing coil, a novel generalized expression based on a three-dimensional (3D) model is proposed. Compared with the traditional pure Shupe effect model, the simulation results show that the new 3D model, including elastic strain and the elasto-optical effect, can describe the thermal effect of the coils more accurately. Experiments with temperature change rates between −40°C and 70°C are performed to verify the effectiveness of the proposed generalized expression. The results of our work can guide researchers in identifying countermeasures to reduce the thermal-induced bias error in IFOG.
As we all know, thermal-induced rate error [1] is one of major factors impairing coil performance. In order to reduce the thermal-induced rate error, much research has gone into investigating the temperature sources of the rate error and possible solutions to decrease the error [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . It has been known for a long time that parameters in fiber coils such as the fiber refractive index, thermal expansion, thermal stress, and strain [12] [13] [14] will change with the variation of environment temperature. In this case the nonreciprocity effect caused by elastic strain and the elasto-optical effect [15, 16] in the fiber for a high-accuracy interferometric fiber-optic gyroscope (IFOG) must be taken into account. Considering the actual structure characteristics of a fiber coil, the temperature of the coil at different points is cyclical and uneven for an IFOG working in a harsh environment. Therefore, the traditional two-dimensional (2D) thermal model [17, 18] is incapable of analyzing the Shupe effect, elastic strain, and the elasto-optic effect induced by the asymmetrical temperature gradient.
To the best of our knowledge, this is first report about a three-dimensional (3D) [19] heat conduction model to more accurately describe the Shupe effect, elastic strain, and the elasto-optic effect induced by the thermal transient effect in an IFOG fiber coil. A novel generalized expression based on the 3D model which can fully describe the thermal-induced rate error for an IFOG is proposed.
Generally, a "pure Shupe effect" [20] is introduced for a description of the thermal in a Sagnac interferometer. The phase ϕ of a wave propagating in a piece with fiber of length l is
where β 0 is the free-space propagation constant, n is the fiber effective index, ΔT is the temperature change, ∂n∕∂T is the thermo-optic coefficient, and α is the thermal expansion coefficient of the fiber. In order to evaluate the thermal transient effect, we use cylindrical coordinates to describe the quadrupolar (QAD) winding pattern, and set the fiber midpoint as the initial point (s ¼ 0, where s is on behalf of the distance between from any point of the fiber to initial point) [19] . Integrating both partial waves in the Sagnac interferometer with their respective time dependency leads to the Sagnac phase [4] ; the "pure Shupe effect" phase can be extended further to describe the rate error of the fiber coil
where D is the average diameter of the fiber coil. However, varying the temperature could cause a change in the placation pressure between the cladding layer and the silica fiber core, which results in extrusion on the silica fiber core. Finally, the fiber length l corresponding to the elastic deformation and the fiber refractive index corresponding to the elasto-optical effect are changed [12, 21] . Consequently, it is necessary to take into account the nonreciprocal phase shift which is caused by the elastic strain and the elastooptical effect [15, [22] [23] [24] . As the temperature varies, the difference in thermal expansion between the coating and glue materials of the coil is obvious. When the temperature increases or decreases, the thermal stress of the silica fiber core changes. Here, we continued taking an l length typical fiber in a fiber coil as an example. Once the fiber coil temperature varies, the pressure acting on the silica fiber core will also change. Then, the fiber length and the fiber refractive index will change because of the pressure. The phase shift with changing pressure is given as
Assuming β ≈ nβ 0 , dβ∕dn ≈ β 0 , and Δl∕l ≈ ε z , Eq. (3) can be rewritten as
where ε z is the axial strain of the fiber and, Δn is the refractive index variation of the fiber. In the fiber coil, it can be considered approximately that the thermal-induced pressure in the fiber only exists in the radial direction. According to the theory of elasticity, the change of fiber refractive index induced by thermal stress can be described as
where P 11 and P 12 are the photoelastic coefficients, and ε x , ε y , and ε z are the horizontal strain, vertical strain, and axial strain, respectively. The relationship between the stress and strain in three orthogonal directions is 
where σ i ði ¼ x; y; zÞ and σ j ðj ¼ yz; zx; xyÞ are the normal stress and shear stress, respectively, in three orthogonal directions; ε i ði ¼ x; y; zÞ and ε j ðj ¼ yz; zx; xyÞ are linear strain and shear strain, respectively, in three orthogonal directions; ν is Poisson's ratio; E is modulus of elasticity; G is the shear modulus of elasticity. Varying temperature could cause a change in the placation pressure between the cladding payer and the silica fiber core. Considering that the fiber length is much longer than the fiber crosssectional diameter of the fiber coil, the axial stress can be ignored. Furthermore, axial strain can be obtained from the horizontal stress. In a fiber coil, a typical thermal-induced pressure of the fiber core can be divided into the horizontal stress P h and vertical stress P v (Fig. 1) , and the horizontal stress P h and vertical stress P v are perpendicular, which are expressed 
Considering the thermal-induced pressure of the fiber core can be seen as uniform radial compression [14] , the stress can be rewritten as
Therefore, by integrating Eqs. (3)- (8), the change in phase shift caused by changing thermal-induced pressure is obtained
where ΔPðT Þ ¼ PðT t Þ − PðT 0 Þ. Using the approach given by Mohr [4] , the result can be extended further to describe the rate error
where the term inside the first brace bracket relates the rate error with thermal stress, and the term inside the second bracket is the expression of thermal stress induced by fiber coating expansion. We finally obtain the total thermal-induced rate error Ω E ðtÞ for the IFOG as the summation of Ω E1 ðtÞ and Ω E2 ðtÞ Ω E ðtÞ ¼ Ω E1 ðtÞ þ Ω E2 ðtÞ:
In order to calculate the total thermal-induced rate error Ω E ðtÞ quantitatively, we must discretize the coil. By using the approach given by Li [19] , we finally obtain a numerical expression 
where r i , r j , z i , z j , s i0 , s j0 , and θ are the fiber coil parameters; _ T jðr i ; θ; z i ; tÞ and _ T jðr j ; θ; z j ; tÞ denote the temperature change relative to the initial temperature distribution along the ith or jth turn; the terms _ Pjðr i ; θ; z i ; tÞ and _ Pjðr j ; θ; z j ; tÞ denote the thermal-induced stress with the initial stress distribution along the ith or jth turn.
Simulation by using the finite-element method (FEM) is performed to obtain the thermal-induced rate error of the IFOG based on our 3D model. Parameters describing the characteristics of the fiber coil with a QAD winding pattern are listed in Table 1 . The thermal parameters and thermal stress physical parameters are provided in Table 2 . Some temperature-dependent physical parameters are provided in Table 3 [19, 22] . In Table 2 , the Al alloy material is used to produce a spool for wrapping up the fiber coil.
In order to verify the correctness of the 3D model, two experimental schemes are proposed. In the first scheme, the temperature excitation of boundary of the 3D model starts at 20°C and varies between 20°C and 70°C, as shown by the blue dash-dot line in Fig. 2(a) . To make our experimental scheme more persuasive, three different temperatures change rates of 0.5°C/min, 1°C/min, and 2°C/min are used. The temperature will hold for 10 min at temperature points 20°C, 30°C, 40°C, 50°C, 60°C, and 70°C. The second experimental scheme is a repeat experiment. In the second experimental scheme, the temperature excitation starts at 20°C holding for 30 min, and sits at −40°C and 60°C for 1 h. The temperature change rate is 1°C/min, and is repeated 3 times at same time frame in 3 days as shown by the blue dash-dot line in Fig. 2(b) . The fiber coil with housing used in the simulation is shown in Fig. 3(a) .
Based on the theoretical analysis, the aforementioned material parameters, and the aforementioned simulation conditions, the simulation results are shown in Fig. 4 . Figure 4 show the rate error Ω E1 (red dash-dot line), Ω E2 (black dotted line), and total Ω E (blue solid line). Figure 4 clearly shows that the rate error Ω E2 caused by elastic strain and the elasto-optical effect is very heavily dependent on the total thermal-induced rate error; consequently, it cannot be neglected when the temperature varies.
In order to verify the correctness of the simulation, experiments with a QAD fiber coil are performed and the temperature is controlled according to the red solid line shown in Fig. 2 . To ensure the experimental accuracy, the IFOG is divided into two parts: the fiber coils with housing [ Fig. 3(b) ] are placed into a temperature test chamber and other parts are placed into an incubator. Thirteen temperature sensors are mounted evenly on four surfaces of the housing. Although the temperatures on the surfaces of the housing are different, the differences are minor and neglected in our experimental work. Consequently, only one testing temperature value was plot in Fig. 2 (the blue dash-dot line) .
To eliminate the influence of noise, the output signal is processed by subtracting the mean value of the signal from the original, as plotted in Fig. 5 with a black dash-dot line, whereas the blue solid line is the total Ω E rate error based on our 3D model. As the experimental results shown in Fig. 5 , the experimental values show much agreement (Fig. 5 ) may be the nonideal QAD winding in the fabrication of the fiber coil and the ideality of our model. In conclusion, we present a novel generalized expression based on a 3D model that can accurately describe the thermal-induced rate error in the IFOG. As can be seen from our simulation and experiments, the experimental results show much agreement with the simulation values, which verifies our analysis results that the thermal stress factors of the fiber coil cannot be neglected. The successful design of the 3D model will helpful for researchers to optimize thermal design in the manufacture of IFOG.
